The hard-hexagon model in lattice statistics (i.e. the triangular lattice gas with nearest-neighbour exclusion) has been solved exactly. It has a critical point when the activity z has the value 5(11+5J5) = 11.09017 . . ., with exponents (Y =$, p =$. More generally, a restricted class of square-lattice models with nearest-neighbour exclusion and non-zero diagonal interactions can be solved.
z = 1, and Baxter and Tsang (1980) extended these by using the corner-transfer matrix (CTM) method.
Some intriguing properties emerged from this last approximate calculation. If al, az, a 3 , . . . and a ; , a;, a;, . . . are 
the eigenvalues of the CTMS A ( + ) and A(-)
(arranged in numerically decreasing order), then it turned out that a l a 3 / a~ was very close to one, and became closer the higher the approximation. More generally, the limiting values of ul, a2, . . . , al, a z , . . . Very similar properties occur in the king and eight-vertex models (Baxter 1976 , 1977 , Tsang 1977 , so this suggested to me that the model should be solvable. I have now established that it is. Here I shall give the results and a brief outline of the derivation. A full account will be published later. 
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n = l Eliminating x gives K as a function of 2. For 0 < z < zc, x is negative; for z > zcr x is positive. In both cases 1x1 < 1. As x decreases from 0 to -1, z in (3) increases from 0 to while as x decreases from 1 to 0, z in (5) increases from this same zc to 00. It follows that K ( Z ) is analytic except at z = zc, so z = zc is the critical point. (Gaunt actually conjectured (7) in 1967, using his numerical results, but did not include this conjecture in his paper.)
The behaviour near zc can be obtained by using identities between elliptic functions of conjugate moduli. Doing this, setting 
The density p = za(ln K ) /~z is therefore continuous at zc, with value while the compressibility diverges as Iz -Z~I-"~, so the critical exponent a has the value
5.
At high densities one sublattice (say 1) is occupied preferentially over the other two (2 and 3). Let P k be the mean density on sublattice k (at close packing p l = 1, p2 = p3 = 0). Then the order parameter is
Expressions for p l , p2, p3 are given in (40). From these one can prove that near z , so the exponent p has the value 6. It is interesting that these exponents a, p differ from those of the Ising model (0, Q) and of hard squares (0.09*0-05, Q) (Baxter et a1 1980) . Enting has suggested to me that both hard hexagons and hard squares may have S = 14.
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Star-triangle relation
In solving the model I was guided by the eight-vertex model. I first looked for models whose transfer matrices commute with that of hard hexagons. This led me to regard hard hexagons as a square lattice gas in which nearest-neighbour sites, and next-nearest neighbour sites on NW-SE diagonals, cannot be simultaneously occupied. Thus the partition function for a lattice of N sites is where uj is the occupation number at site i, the sum is over all values of ul, . . . , vN 
(This t cancels out of (14), but is needed in (15); m is a trivial normalisation factor. For the original hard-hexagon model m = 1, L = 0 and M = -00.)
convenience, interchange L' and M ' , and set
together with four other equations obtained from (17) and (18) by permuting the unprimed, primed and double-primed sets of variables. With an obvious notation these can be called (17'), (17"), (18'), (18"). Eliminating s, z", L", M" from all seven equations leaves [Let (t) =eL'(17)-eL(17'). Then (17), (17'), (18), (18') give Al = A i ; (t), (17") , (18), (18') give A2 = A i ; (t), (18), (18'), (18"), (19) give A3 = A;.]
In general the only solutions of (20) 
merely that the transfer matrix commutes with its transpose or itself. However, a corollary of (21) is
so if the values of Al, A2, A3 satisfy then (22) is satisfied identically, and (20) reduces to only two equations, say i = 1,2. It follows that all transfer matrices commute for which In regimes I1 and I11 of figure 1 it is more convenient to use the parametrisation and again f ( w ) is defined by (26) with q = x 5 . In both cases w l , . . . , os are entire functions of w ; A is independent of w . As x + 0, z, zeL, zeM + 0 in regimes I and 111, which is the low-density limit; in 11, eL and e-M become large (while z -l ) , in which limit the system adopts a triangular ordered state with every third site in a row (or column) occupied; in IV, z becomes large while L, M -1, so the system adopts the usual square-lattice close packing, every other site being occupied, Thus in every case the limit x + 0 is one of extreme disorder or order. The other boundaries of the regimes are 1x1 + 1. In every case this corresponds to (30)
This is the equation of the lines separating I from 11, I11 from IV, V from VI in figure 1.
In the Ising and eight-vertex models one can obtain tractable equations for the eigenvalues of the row-to-row transfer matrix, for a lattice with a finite number of columns. I have not found a way to do this for the present model. Instead I have considered the infinite lattice and used the following argument (which is correct for the Ising and eight-vertex models).
Free energy
Let VA[ VB] be the 'transfer matrix' that adds a single face to the lattice, going in the The star-triangle relation (15) implies that all CTMS with the same x commute. Thus yo is independent of r and w, and the above definition of K can be extended beyond the interval (29) appropriate to the regime under consideration. Since K is independent of r, for fixed x it can be written as K(w). Let 
Equations (3)- (6) follow by taking the limit w + x 2 in I and w + x V 1 in 11, using (32) and (28).
Sublattice densities
The star-triangle relation implies that the CTMS commute and their eigenvalues are of the form
where c ( x ) is independent of w and n is an integer (I conjectured this property for the eight-vertex model in 1976 and can now establish it).
The relations (31) for V a and Vf3 imply the same relations for the CTMS A and B, and these can be used to fix the coefficients c ( x ) . The integers n can then be obtained from the small-x limits.
As in Baxter (1976) , the rows and columns of A and B can be labelled by be the eigenvalue entry in row and column 7. Then the above reasoning gives and u j + s j as j + a .
Here s l , s2, s3,. . . are the ground-state values of ul, u2, u 3 , . . . , corresponding to the maximum eigenvalues of A and B. In the ordered states they depend on the sublattice on which the CTM is centred. They are I : sj = 0 ,
11:
111:
Here one first fixes the regime (I to IV) and, if necessary, the value of k . Then (38) applies for all integers j ; a ( T ) , b(T) are given by (36) and (37).
In regimes I1 and IV, k specifies the sublattice under consideration. Thus there are three matrices A[B] in regime 11, and two in regime IV.
Let Ak, Bk be the CTMS for sublattice k. Then from the definition of the CTMS (Baxter 1976 (Baxter , 1978b , the probability of occupancy of a site on sublattice k is Pk = Tr S(AkBk)2/Tr(AkBk)2,
where S is a diagonal operator with entries al. Going to a diagonal representation (S, Ak, B k all commute) and using (36) gives
These summations are over all states 7 = {al, u2, cr3, . . . }such that crjaj+l = 0 for all j , and ai tends to the appropriate si as j + 00. Note that Pk is independent of r and w.
Critical behaviour
The free energy is singular across the 1-11 and III-IV boundaries given by (37). Its behaviour near these boundaries can be obtained by using identities between elliptic functions of conjugate moduli. Define E , U , q by where Bl (u, q ) is the usual elliptic theta function (3 8.181.3 of Gradshteyn and Ryzhik (1965) ): q enters (42) only via q2.
The equations (42) (and corresponding formulae for z, eL) are true in all regimes (with -r / 5 < U < 0 in I and 11, 0 < U < ~/ 5 in I11 and IV). It follows that q 2 and U are analytic across a critical boundary, q2 having usually a simple zero thereon. 
The critical exponents a, a' therefore are both 5 across the 1-11 boundary (disorder to triangular ordering), while a' = --+ in IV (square ordering).
For U = -~/ 5 the model becomes that of hard hexagons, for which the total mean density p can be obtained by differentiating K . Since p depends on q2, but not on U , this result can be applied along the entire 1-11 boundary, giving
where pc = (5 -J5)/10 = 0.27639 . . .. as Also, using (40) , it can be shown that the order parameter in I1 behaves for small q 2 
Conjectures
All the above results have been proved, subject only to assumptions such as the thermodynamic limit existing and K ( w ) being analytic in an appropriate annulus.
The numerator and denominator in (40) can be regarded as 'one-dimensional partition functions' and written as elements of an infinite product of two-by-two, or three-by-three, matrices. The resulting expressions are still unwieldy, but they appear to simplify to tractable infinite products of theta function type. For instance I have used them to expand R to order 80 in a power series in x, and the results agree with (The order parameter of the eight-vertex model has a similar product expansion: Barber and Baxter (1973) .) The first formula also agrees with (45), so it is a very plausible conjecture (but still a conjecture) that (46) is exactly correct.
There appear to be a number of such mathematical identities, the simplest of which (for p / ( l -p ) in regime I) are the Rogers-Ramanujan identities (Ramanujan 1919) . Some others are contained in the 130 generalisations of Slater (1951) , but at present I can in general only claim them as conjectures. From them I find that (43b) and (47) apply only to a special surface, crossing the critical surface on a special line, it is not surprising that they give exponents quite different from those expected for hard squares (Baxter et a1 1980) : even so, it is disappointing.
